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THE HOCHSCHILD HOMOLOGY OF COMPLETE INTERSECTIONS

BY

KLAUS WOLFFHARDT

ABSTRACT.   Let 7?  be the algebra of all convergent (or of all strictly con-

vergent) power series in  TV  variables over a commutative field K of characteris-

tic  0 with a valuation, e.g. R = K[X{,- • -, X[A-  With each  X-algebra  R   = R/O.

we associate a bigraded  /{-algebra  E.   By the powers of  u. a filtration of the

Poincaré complex of 7?  is induced, and E  is the first term of the corresponding

spectral sequence.   If  (X is generated by a prime sequence in  7?, R  is called a

complete intersection, and  E— with an appropriate simple grading—is isomorphic

to the Hochschild homology of R.   The result is applied to hypersurfaces.

1.  Introduction.   Let  K be a fixed field of characteristic  0 with a multiplica-

tive valuation x h—» |x|  6 R.  A formal power series   Sc^. ...¿..X ^   ••• X,,     is

called convergent  (strictly convergent) if 2|c, ,     x   I • . . x„   \ < oo  for all

x y. -. , xN with  \x .| < e for some <r > 0 (resp. for £ = 1).   Let  K{X ,,•••, X^i

denote the   K-algebra of all power series in X ,, • • • , X^  that are convergent

("analytic case") or strictly convergent  ("affinoid case"—for nonarchimedean

valuations only).  In this paper we will not need different notations for the two

cases.  Observe that for the trivial valuation of  K the analytic case reduces to

the   "formal case" (the algebra of all formal power series), and the affinoid case

reduces to the "affine case" (the polynomial algebra).   The category of all non-

zero  K-algebras   K{X [,•••, X^j/a with morphisms of  /(-algebras which map the

identity element onto the identity element is called the category of analytic

(resp. affinoid)  K-algebras.  In the following we shall always speak about analy-

tic   K-algebras — but all proofs and theorems are valid in the affinoid case as well.

In the category of analytic  X-algebras there exist finite direct sums: If R =

K{Xy--., XN\/a and  R' = K{X[,..., X'N,\/h let   C be the ideal generated by

a+ 6  in  the   K-algebra   KJX ,,•••, X„,   X'   • • • , X^' !   of convergent power

series  in  indeterminates  X j, • • •, XN, XÎ, — , X'i.  Then  R JL R' : =

K{X j, • • •, X^, Xj, • • • , X'' |/c is a direct sum of R  and  R'.  There  are   ca-

nonical  morphisms  from   K{X {, • • •, X N\ and  from  K\X' ,• • • , X'i\   into

XjX j, • • • , X^, Xj, • • • , X   ' j ; these induce the canonical morphisms from  7?  and

R    into R JL R .   R JL R    is called the analytic tensor product of R and R1, and
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R ® R    may be considered a   /(-subalgebra of R -IL R .

For an analytic   K-algebra  R  we call S := R _1L R   the enveloping algebra of

R.  There is a unique morphism  27: 5 —» R, such that for both canonical maps

R —> R JL R  the composition  R —> S —/" R   is the identity.   77 is called the aug-

mentation of S.  In virtue of  77 we consider R  (and every  R-module) as an

S-module.  According to  [l]  the Hochschild homology of R  with coefficients in  R

is the graded  K-module  Tor   (R, R) =: 0(R); it is an anticommutative graded

R-algebra  [3].   There is a mapping d: R —► 0 (R) which is universal as a  /(-deri-

vation from R  to a finitely generated  R-module (see  [2] for instance).  Hochschild,

Kostant and Rosenberg   [3]   showed that  fi(R)  may be considered as the algebra

of formal differentials of R   over  K.  From a direct calculation it follows that

0(R) = /\RQl(R)  if R = K\Xy..., XN\.  In  [3]  this equation is proved for R   a

regular affine domain.  We showed in  [8]  that  in the affine case the natural mor-

phism   AR OHR) —» 0(R)  is injective.

In this paper we will, for each analytic  /(-algebra  R, define a differential

bigraded algebra  E(R), which can be calculated easily from the knowledge of an

isomorphism R = R/ct, R = K\X ,,•••, XM¡:   The powers of the ideal   a  induce a
* 7\, ™ 7^,

filtration of the Poincare complex  Í2(R) of the  K-algebra  R, and  E(R) is the

first term of the spectral sequence defined by this filtration.  In particular,

AR 0 (R) is a subalgebra of £(R).  We will prove that  E(R) with an appropriate

simple grading is isomorphic to the graded algebra Í2(R) when R   is a complete

intersection, i.e. when   a  is generated by a prime sequence.

Some open questions: Is  E(R) a functor, and — if yes — are  E(R) and íí(R)

naturally isomorphic?  Are  £(R) and  il(R)  isomorphic as differential graded

algebras?  (In the affine case a differentiation in fl(R) has been defined explic-

itly  by  Rinehart   [5].) What connection is there between  E(R) and  f2(R), when  R

is not a complete intersection?

2.   Definition of E(R).  Let  R  be a given analytic   /(-algebra.   There is a sur-

jective morphism of  K-algebras   cfe: R —►♦ R  with R = K\X ., • • • , XN\.  Let   a: =

ker cfe.  Let 0 := Í2(R) = A~ Í1    with the usual differential d, which is charac-

terized as the derivation of degree + 1  of the graded K-algebra  0, such that d

is the universal derivation of R   mentioned above.

For all 22, p £ Z we have  d(ap-nQn) C ap-{n+l)Un + 1  (let   aTq : = R  for

a  e N).  Hence, by   Fpün : = ap ~nü", a descending filtration of the complex  Q

is defined.   This filtration defines  (cf. [l]) a spectral sequence of  /(-modules.

We are interested only in the first term of this spectral sequence.   It consists of

the vector spaces

EP,i := Hp+<3(Fpn/Fp + 1Q,).
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Trivially, Ep'q = 0 if p+q<0otp + q>N  or q > 0.

We have

Fpü" A Fp'hn.' = a*-"fi" A  ap'-"'Q"'

rX, *X/ 'X> ,   , ^X.

i.e. E  is a filtration of the  P-algebra  fi, and the  FPQ,/FP    fi  form the associated
*Xv ^Xv 'Xy nrXj0 1  ^0

graded  P.-algebra  Gfi.   But  Gil is an  R-algebra because it contains F   fl/F  fi

= R  as an R-subalgebra.  d   induces a derivation on  GO, for which

R a. F0SÍ0/FlÜ0 -, e^Vf1«1

is the zero mapping because  E  fi    = F  fi  .  Hence this derivation is  ß-linear,

and  //(Gfi) = (Ep,q) is an  /?-algebra with E   '    -R  and, more generally,

(E*>°y£7 = A a\R).pez R

It x £ Ep'q and x   £ Ep' ■«'   ate represented by y £ Epfi"  and y £Fp"tin'

respectively  (n = p + q, n   = p   + q ), then x A x    is represented by y A y   e

Ff  *" fi"  "    and x'A x by y'A y = (- l)""y A y'. Hence the multiplication

£■£, <? x £Í>'. <?' _, £P+P'■ <?+<?'

is anticommutative with respect to the total degree  72:.

x A x' = (- l)nn'x' A x.

To   summarize these results we use

Definition.  An anticommutative bigraded  R-algebra is a bigraded  R-module

(Ep,q) together with a family of ß-bilinear mappings

EP. 9 x Ep', <,'   _, Ep+p', qW ; (X;  x<) |__ x A  x>

(p, q, p', q   £ TA, such that the associative law, the existence of an identity ele-

ment and the anticommutative law

x Ax1 =(- i)(P+9)«',+«')x' A x

hold; (iso)morphisms of bigraded  7?-algebras are defined in an obvious way.

We have constructed an anticommutative bigraded  R-algebra which we will

denote  E(cp).   Let

K\XV ...,XN\JL+K{YV ..., YN,\

(1) 4> 0
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*

be a commutative diagram of  /(-algebras.  Then  ;y(ker cfe) C ker ife, hence  ^

induces a morphism of bigraded  R-algebras ^ : E(cfe) —► £(<//).   It is clear that  x

can be considered as a functor of the diagram  (1).

We want to show:

Theorem 1.   Ler  R   be an analytic  K-algebra.   Then E(cfe)  is an anticommuta-

tive bigraded R-algebra, which is uniquely determined up to an isomorphism of

bigraded R-algebras and may therefore be denoted by E(R).

This means: Let   ife: R'  -» R  be another surjective morphism of  /(-algebras,

R' = K\Y    ..., Y   .\. Then  E(ife) =* £(<p).
7^>l 7^

Let us first prove this for a special case: Assume   R   = K\X2, • • •, X„¡ C R,

cfe(X x) = 0, and  tp(X .) = tp(X;)  for  i = 2, • • • , N.  Let  t:R'->R be the inclusion

map, and a: R —> R    be the morphism defined by a(X A = 0 and  cr(X .) = X. for

2 = 2, • • • , N.  It is enough to prove that t^: E(xfe)  —» E(cfe) and o^: E(<p)  —» E(xfe)

are inverses of each other.   From o i. - id we conclude that cr^i^. = id.  Now consi-

der t^ = p^, where

p := ter: R —» R,

p(X y) = 0,  p(X .) = X . for  z = 2, • • • , N.   From the commutativity of

^    p     ~
R -» R

R -Ü-» R

it follows that p(a) C a. Hence the unique extension of p to an endomorphism of

the differential graded K-algebra Í! respects the filtration of Í2, and induces mor-

phisms of chain complexes

p: F*Q/F*+1Q -. FpQ./Fp + ltt
^\>

for all p £ Z.  Since we are in characteristic zero, any co £ 0" may be written

iuniquely as

oc

co = co0 + ¿_j idX1^) A cok

with  co0 £ R ii*(R )  and  co    £ Qn-1(R') for k > 0.   Let

OO

Cico) : = YsA^k e""_I-
fc>l

One checks easily that  £ is a homotopy from the identity of ÍÍ to  p: Q —» Q.   Fur-

thermore,
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£(Fpnn) = £(ap-nnn) C aP + 1-"fi"-1 = F^fi""1.

55

neZ

Hence L, induces for each p £ Z  a homotopy

(F*QVf?+1Qb — Fpfi"-1/FP + 1fi"-1)
^X. + 1^

from the identity of Fpr\/Fp    fi  to

p: FPfi/F^ + 1fi — F^fi/F^+'fi.

The existence of such a homotopy proves   p^= id, and the proof is finished in our

special case.

Let us now prove  E(cp) = E(yj) in the general case.   Let  u.:= çf>(X),  v . : =

ifj(Y), and choose g¿ £ i/f-H«¿),  ¿.ff'(k.)  for z = 1, • • -, N; j = 1, • • •, N'.

Write  X = (X     • • • , X„), etc.   We have a commutative diagram of  K-algebras

KÍX|-¡-

R —

K\X,  Y\ -*-* K{X, Y\

ß

K\Y]

,R id
R

where  i, a, a, ß and  y ate defined by

t(X) = X,

oiX) = 0, o(Y) = Y,

a(X) = u, oiY) = 0,

ß(X)=0, ß(Y) = v,

x(X) = X + g,       X(Y) = Y - h(X + g).

From the special case considered first it follows by induction on TV    that  t^ is

an isomorphism and by induction on  N that o^ is an isomorphism.  Now  \ is  an

isomorphism since an inverse is given by

X_1(X)= X - g(Y + h),       x'1(Y) = Y + b.

Hence  y^ is an isomorphism.  Altogether we have isomorphisms

E(ep) -¿£* E(a) -£* £(,8) -ÎL, Ety),

and Theorem 1   is completely proved.

3.   An S-free resolution of R.  Now let the analytic  K-algebra  R  be a com-
'X.

plete intersection: There is a surjective morphism  0: R —iR, whose kernel   a is
'X.

generated by a prime sequence (a .,••-, a ,) in P = X{X .,-•-, X„i. In order to

study fi(R) we will construct an 5-free resolution M of R, which is a differen-

tial graded S-algebra at the same time.
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As a graded algebra, let  M  be the free anticommutative  5-algebra on genera-

tors / j, • • •, fN of degree 1   and  e x, • ■ • , e { of degree 2.   This means, for k £ Z,

M,   is a free  5-module, and a basis is formed by all formal products  e .    A • • • A

e.    A/.   A • . . A /.  , where   1 </,<•■•< /    </,   1 < z ,<•••< z    < N, and  ¿ =
,m      '¡i 11„' -'1- -'zzz- -    1 n-

2222 + 72  (in particular zW    = 5 and  zM, = 0 for  ¿ < 0).   For the multiplication A we

have: e . commutes with all elements, while  /. A /.' = — /.'  A / ..

The augmentation  MQ—►♦ R   is by definition the augmentation  27 of S.  The

differential (z5, : M, —> M,_j),£_ has to be defined on the generators  e., /; only,

since it is subject to the Leibniz rule

Six A y) = Six) A y + (- l)kx A S(y)

for all x £ M.,   y e M,,.  Before we can define  Sie .)  and SifA we have to intro-

duce a few more notations.   For  z = 0, 1, • • •, N  define a morphism of  /(-algebras

7\J    - , -V

by

Then

r.: R _-, 5   := rJLR

!X   ® 1     for 1 < j < i,

1 ® X.    for í < /"< tV.

A : = rN -70: R -,5,

d. := — (7.-7.   ,): R^S
'       AX.     '      l~l

(z = 1, • • • , /V)   are   /(-linear maps.   Observe that for all x e R  we have

N

Ax = 2_. d xAX.,

7\j t\j r\j

and d .x has the image  dx/dX . under the augmentation  n: S —► R  of S.  Keeping

in mind that every 5-module is an 5-module in a natural way, we define

N

8 if.) := AX.l  £ Mn,       Sie ) := *T d.a.f. £ M,.
' i i U / —¿     z   / ' z 1

Theorem 2.  (M, S, 27)  zs «22 S-free resolution of the complete intersection R.

Proof.  We have  8QSxif) = 0 and

( = 1

8.8Ae) = Vd.a AX 1 = Aa 1 = 0,
1     2      , ^     Z    J z /
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hence  8=0.  Furthermore,

775. (/) = 77(AX.1)= X. - X. = 0.

These equations show that  M  is a complex of free  S-modules over R.  We have to

show it is acyclic over  R.

For  7 = 0, M  is the Koszul complex defined by the prime sequence (AX ,,•••,

AX.,)  and the assertion is well known [6, IV, A, §2l:  We obtain an exact sequence

>-\j 'Xy 'Xy

~ Si      ^ Il      ~ 77       ^
->M2_ÎJ_> Mj —Um0->R-»0,

where  MQ = S , M .   is a free  S -module with basis  (f,, - • •, fA), and  M. = A1^ M

Return to an arbitrary  I £ N.  An x £ S may be  written  as  a  series

S    ,., x     ® y     with x   , y     £ R  which converges with respect to the topology

defined by the  ideal  SN_    X . ® 1)S + (1 ® X )S).  Let x e ker 77.   Then 2x   y
1 i-\       1 1 mJrr,

w(x) = 0, hence

x =   7    (x    ® y    — 1 ® x   y   ) =   S    Ax   (1 ® y   )
i—1      m ^" J m mJ m *—i        m J m

mfN m eN

i—i I    x^      ;   m J m    \ 1

; = 1  \ meN /

\i = l  m eN

This shows  ker 77 = im 5,.

An element x  of ker 5,   may be written as  x = X . _, x ./ .,  x . £ S, where
17 1-1    1' r     1       '

N / ^       / ^

2j*AX. eker (S —>S) =J](a. ® 1)5 +^A«.?.
1 = 1   ' y=l ,vl

Let  Z7 .,   77. e 5 be such that
7      7

N / /

Zx.AX.= V (a.® l)u. + y^(àa.)v.
1       1     i—j    i 7     ¿—1       7    7

inl y=l y=l

/ /       N

= £(«. ® l)«y + ¿ ]£ (^.a.XAX.)*..
,=1   ; '     7=1 i«l

^x.

Applying  77   to this equation we obtain

i

0 = >   a .77(77.).
£—1   j      1

7-1

It follows that
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l l

Z(a . ® Dzz. =J] ia . ® l)iu.-niu.)® 1).
7 7       t—1       1 1 7

7 = 1 7 = 1

There exist  zz .. e 5   such that
Z7

N

u. -niu.) ® 1 = V u.AX.,
1 7 ¿-r      z; z

hence

N    / l l

0 = Z    *z' ~Z(ö7 ® lK/ ~ 22-ÖfafV )A^f,-
z=l    \   ' 7=1      ' " 7=1 7

Consequently,

ZV     . / / \

£ 1*2i - Z(ß; • 1)w# - Z (az fl,HA e ker « l = im »2.
z=l     \ ,=1 ,=1 /

and

Nil l \ l

im S2   3 Z  U - Z <*/ ® l*« - Z Wz fl;H Fz  = * - 52 Z Vr
z=l    \ 7=1 7=1 / 7=1

Hence x £ im z52, and we have shown ker S, = im ¿L.

Now we will prove, by induction on  /, that M  is acyclic over R.   The case

1 = 0 being well known (see above) we may assume   / > 0 and that for R   : =
7\7 7\j 7\j

R/ia .R + • • • + a ,    .R) we have an exact sequence

7.1 C '

M'2  Mm¡ -L» M¿  = 5' ALU R'—> 0

with /M    a free anticommutative  5 -algebra on generators   /.,•••, /      e', • • • ,

e,' _     as above.

Let  L = (L .) .  _ be the free anticommutative graded 5-algebra on one genera-

tor e  of degree 2; then  L . is the free  5-module with basis  (e1     ) if  i £ 2N, and

L . = 0 fot all other  z.   In particular  LQ = S, e    = 1.

We have a unique isomorphism of graded 5-algebras

M —> M' ®s,  L,

/, r-> /'  ® e°.

e . I—» e
7 7

.  ® e       for / < /,

1  ®e.

Replacing  M by something isomorphic we may assume this is the identity of M.

Then for all k £ IS,
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&/2] rjk/2]

777=0 m=0

where

M" := M' ®J(  E0 C M.

ker(.S'—> S)  is the ideal in S    generated by the prime sequence  ((l ® a.)l,

(Aa,)l).  Hence the Koszul complex of this prime sequence is acyclic over S (see

[6, IV, A, §2]):

-, 0 —, S' A% S' © S' -1 S' -» 0,

where

r?(x): = (- Aa,, fl/ ® l)x,

ö(x, y) : = (al ® l)x + (Aa,)y

for all x, y eS'.  Applying  P' ®^.'  we get

->0 —> R' —> P' © R' —> P'—> 0

x|—» (0, a.x)

(x, y) i-»a x.

Here  P   —> P    © R     is injective, because a.l   is not a zero-divisor in  R .  The

homology groups of this complex are

■¡v.d{-;
. ffii?     for  ¿ = 0,1,

Tori
= 0    otherwise.

We use only the latter result.   It shows that

-, M» _^ ^ _. m;'

is exact.

Now we will show that for k > 1   any given element of H AM) is zero.  Take

the smallest  m £ { - lS U N, such that the given element is represented by a

cycle

m

* e © l2iAe''.
y=o

?72 = - 1   is equivalent to x = 0.  Therefore, let us derive a contradiction from the

assumption m > 0.  Let y A em he the component of x  in  M^_2     A em, where

y £M,_2   .  We distinguish three cases.

Case 1.  & — 2t7z > 1.   From  5(x) = 0 it follows  5(y) = 0.  This implies y =

8(z) for some  z £ M,    ,    , ..
k — 2m + 1
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Case 2.  ¿ - 2z72 = 1.  From Six) = 0 it follows  Siy) = 0.  This implies y

or some z £ M"   and z    £ 5.

y A e7* = 5(z A em + (2/(222 + l))em + 1) - 77zz5(e) A z A e"2"1.

0X2 + z ,e)  for some z £ M"   and z    £ S.

Case 3.   k - 2m = 0.  Let y. A em    'be the component of x  in M" A em     ,

where y    e /Vl"2.   From z5(x) = 0 it follows

0 = mySie) + Siy A) = Simye + y A.

This implies, as we will show subsequently, 222y £ im z5..  Hence there is a z £ M.

such that y = Siz), and (2) holds as in Case 1.

In all three cases

y Ae" >2i5(e) A z A em~        mod   im zS
7S + 1:

a contradiction to the minimal choice of 222.

We still have to prove: If, for some y £ S,  ye £ M    + ker 8?, then y £ im z5.

Consider the exact and commutative diagram

5'

Afj' <8>s,  iS'® S')

® (s'e s')
-> 5'© 5'

M2'

zM.

Mi
Si

5'

where  zM.  —> M . ate canonical morphisms.  Let y   e S    be a counterimage of   y.

From

d.a.f. £ im (M2

¿si

Mj)

This shows

y ' £ *,•*///   e im S2  + ker(zMj -* Mj)

2 = 1

= ker Sj   + im(Mj   ® 6).
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S(0,y') = Aa/y' = z51'^'!>!«//A

e im 0(8; ® (5'©5')),

hence  (0, y') £ im r¡ + (im S'  © im z3'), and y' £ (a¡ ® l)5' + im S'y  This implies

y £ im Sy    Q.E.D.

The proof of Theorem 2 is complete.

Remark.   Let  R* be any analytic  K-algebra, R = R*/i where   i  is an ideal

generated by a prime sequence.  Let 5* be the enveloping algebra of R* and 77*

its augmentation.  Suppose there is given a differential graded 5*-algebra which

is an  5*-free resolution of R* with the augmentation  27*.   Then by the above pro-

cedure one can construct a differential graded  5-algebra which is an  5-free reso-

lution of R  with the augmentation  27.

4.   The isomorphy of EiR)  and Í2(R).  Let  R  be a fixed analytic   K-algebra

which is a complete intersection.  We will write  ÍÍ instead of ÍÍ(R), and E instead

of E(R).  For 222 £ Z  let

Em :=   ©    Em+«' «.

The multiplication on  E  makes  (Em) an anticommutative graded  R-algebra.

Let us, from now on, denote this graded algebra by £.

Theorem 3.  Í1 and E are isomorphic graded R-algebras.

Proof.  Let B := S._. e .5 C /Vf     and let  S denote the symmetric algebra.  We

may identify the graded  5-algebra M  in a canonical way with  S- B   ®, /\    M ,.

Let  B := B  ®„ R  and M := M ®    R.   Let /., e. e M be the images of /., e. under

the canonical morphism

id®77    —

M S M   ®s 5 -X—> M,

and S  : = § ® id„. M ,   and  B  are free R-modules with bases (/,,•••, fN)  and

(c,,•••, e A respectively.  We may identify the graded  R-algebra  M  with

S„ B   ®„  A„ A),  in a canonical way.  We have

8(f) = 0      for i= 1,---,N;

N    da.  _

8(e) = Y  — f.    for /= 1, ••-,/;
>      ¿-t dX.   '

z=l z

Q = //(AÏ);

and an isomorphism of R-modules
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fi1 ®^ R S M,.
7? '

- 'Xy

where /. corresponds to dX . ® 1.
"^ *Xj 'X/

Let A   be a free  R-module with basis  (e     • • •, e .).  Since  (a ., • • • , a .) is a
rX, 1 ''Xy *

prime sequence in  R, we have an exact  sequence  of R-modules

l        x2          *1    -     0
A A -y A -► R ——> R _> 0,

R

where  y Ae .) = a .,  y Ae . A e .< ) = a .e.< — a.< e ..  There exist canonical îsomor-

phisms

a ®^ R =% A/(im y, + aA) = A/aA ==1 A   ®^ R =^ B,
R ' R

where in the last isomorphism  e. corresponds to  e. ®.l.

Because   a  is generated by a prime sequence, the canonical morphisms
'X/

STZa —► am of R-modules  (772 £ N) are isomorphisms which altogether give an iso-
R

morphism

S^a-*  © am

R meN

'x*

of graded  R-modules from the symmetric algebra of  a  to the Rees algebra of   a

(cf. [4]).

Now we claim for  72, p £ Z,

-x. -x, f p~"-\ "    —
(3) FpW/Fp+lti.n ==       SRB    ®r A   My

For n > p this is trivial since both sides vanish.   Let n < p.   Then

PpQn/F*+%n = ap-nQn/ap-n + 1Qn

==(ap~"®^ R) ®    (fi"®^ R)
R R R

[  S^a)  ®^/x)  ®p Apñ1    ®^ H,

\y
R R     I       "■      \\      R     / R

(i>-n \ n ' '   ~

S   (a ®^ R)\    ®R  AR (fi1 ®^ R)
R R / R

P-"-\ 1       -
=       SRß      ®R  ARA!P

as asserted.
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*Xj

We introduce a grading on the algebra  Gfi:

(Gfi)     :=   ©Fm+«fi'"+2«/F"i+?+1fim+2«.

qeZ

The differential on  GO is of degree - 1, i.e. we have a complex

-> (Gfi)2—► (Gfi)j -» (Gfi)Q-> ••-,

and  E = //(Gfi).

From  (3) we obtain isomorphisms

~, _    /-« _\ «+2? _        _
(Gfi)     =="   ©      S ö      ®        A     M=M

m aeZ \   R    j       R R      » m

*X. -

of  R-modules for all  m £ Z, which yield an isomorphism Gfi = M of differential

graded algebras.  We conclude

E = //(Gfi) £=• H(M) = fi.      Q.E.D.

5.   The analytic   K-algebra of a hypersurface.   By the analytic   X-algebra of a
'X.

hypersurface we mean a  K-algebra isomorphic to  R/a  where   a  is a principal
'Xrf *x*

ideal in  R = K{X ,,•••, X^,i.  Since  R  is an integral domain the analytic X-algebras of

hypersurfaces are the simplest complete intersections, and Theorems 1, 2  and 3

apply.

Let  R  be an analytic   K-algebra.   By \0 we denote the nilradical of R.  R

is called reduced, if   \/0 = {0!.  We call reduction of fiCR)  the morphism

red: fi(R) —> MR/yJÖ)
_

induced by the canonical morphism R —*+ R/\JQ.  If C is  an  R-module, and  D  the

set of non-zero-divisors of R, we call the kernel of the canonical morphism  C—>CD

torsion submodule  TC of  C  and its elements the torsion elements of C.

Proposition.   Let  R  be the analytic  K-algebra of a hypersurface, p, q £ Z,

a < 0.   Then the  R-module  Ep,q(R)  is isomorphic to the  R-submodule

red"1/TA* fiHR/v/O))
y        R//o /

of   l\p^q fi!(R).   In particular, if R  is reduced,

Ep-q(R) ==• T   A ^(.R).
R

Proof.  We use notations as  in the preceding sections.   Let   a = aR; we only
'X/ .. - -

need to consider the case  a / 0.  For x £ R  let grad x := 2.   . (dx/dX .) f. £ M .;

n := p + q.
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EP,i = H(FPÜ"-1 -* FpCÍn/Fp + 1Qn -^nn + 1/Fp + 1ün + 1)

= H(a ' "«S«- ! -> a -«SB/a ! -«S» _ il/a "«ß)

^fx ea-^íl": dx ea-qQ]/(a l-«Q" + ?« ' " « A il"-1)

= {«"«y: y £Ün, y A ¿a eaSl/iV'-CQ" + a-«¿a A n""1)

==\y eu": y A da £ aü\/(aün + da A Q"-1)

A        i
z £ f\ O   : zz A grad a = 0

R

7Z

for some representative u £ A   M,   oí z
R    1

Now our assertion follows immediately from the following:

Lemma,    u £ A"  M ,  represents a torsion element of the  (R/\]0)-module

(Â^M/k/Ô A V O A      for n 4 0,

Ä Qi(R/V0)S   (\.  -.z-í'A '
*//o / _

R/yß     for   72 = 0,

2/ aTza7 072/y 2/ z¿ A grad a = 0.

Proof of the lemma. Let p ., • • • , p be the (pairwise relatively prime) irreduc-

ible factors of a in R, a = IT =1 p/. Let b := n^=1 ps £ R. Then Vo = bR, and

grad a A grad b = 0.

"Only if." Suppose there exists an x £ R, such that xu £ grad a. A A"-    M ,

+ grad b A A" ~    A4 j + b A"  /Vl ,, and x does not represent a zero-divisor in

R/\/0.  Then xzt. A grad a = 0, and x  has a representative in  R  which has no com-

mon divisor with  b, hence with  a, i.e.  x  is not a zero-divisor in   R.   It follows that

u A grad a = 0.

"If."  Consider the special case, where  a  is irreducible.   Then  R   is integral,

R„  a field.   From  u A grad a = 0 it follows  a = grad a Ay fot some  y €

( A^_1 zVlj)D.   Let x e D  be such that xy e A*-I M,.   Then xa = grad a A xy

represents  0 e A" 11  , and  u represents a torsion element of   A" O  .

Now let  a  be arbitrary.  Let  zz   be a counterimage of zz  under O —» A„ M..

For all s = 1, • • • , t we have

da = k ia/p  )dp    mod p  s£i,

■"V, <"° <-\j r^J k     ^

0=zz  A aa = zz  A k (a/Sp )dps mod j) sö,

0= zz  A dp    mod p^Q.
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According to the special case treated first, u represents a torsion element of the

(R/psR )-module

\ A      _ 1  —
Hence there exist x    £ R\p R  and y    £ A"        M,   such that

s Nrs -'s R 1

x  u = y    A grad p    mod p  M.

Let

A    b

s = l P^

Then again for all s  we have  (mod p   M): x ^ 0, and

2

XZ7 = I    X   U

Therefore, x represents a non-zero-divisor of  R/\J0,

B-l_ _

xzz e grad b A   /\  M , + bM,
R    '

and the assertion follows.

Corollary 1.   For the analytic algebra  R  of a hypersurface we have

(a) Ep'-p(R) Qt 70 for 0 < p £ N;

(b) fi2(R)^ A2Rnx(R) ©v^;-

(c) R   is reduced if and only if fi2 (R) = A \ fi HR);

(d) R  z's normal and reduced if and only if fi'(R) = An fi   (R) for i < 3-

Proof,  (a) follows from the Proposition, (b) from  (a), and  (c) from  (b).

According to (c), R  is reduced if and only if fi!(R) = A!„ fi (R)  for  z < 3-   Assume

R  reduced.  Then it is well known  (see e.g. [2, §3.5]) that  R   is normal if and

only if Tfi!(R) = 0, and  (d) follows.

For a reduced complete intersection  R  the modules  T(a! fi  (/?))  are of

some interest. Vetter [7] proved for the local case T(AZR fi (R)) = 0 for all z < 72

if and only if the singular locus of R  has codimension > 77 (the empty set has

codimension  00).   From this we get

Corollary 2. For the local analytic algebra R of a hypersurface we have

fi!(R) = A' fi (R) for all i < r + 1 if and only if the singular locus of R has

codimension > r.
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